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y/IK 517.5 

E.A. CeBOCTbHHOB (>Khtomhpckhh rocy^apcTBeHHtm yHHBepcHTex hm. H. OpanKo) 

6.0. CeBOCTBaHOB (>Khtomhpcbkhh ^epjKaBHHH yniBepcHTex Im. I. OpanKo) 

E.A. Sevost’yanov (Zhitomir Ivan Franko State University) 

O rpaHHHHOM noBe^eHHH o^Horo KJiacca OTo 6 pcL»ceHHH na pHMaHOBBix mhofo- 
o 6 pa 3 Hax 

IIpo rpaHHHHy noBe/i,iHKy o/i,Horo KJiacy Bi^o 6 pcL»ceHfc na piiviaHOBHx mhofo- 
BHflaX 

On boundary behavior of one class of mappings on Riemannian manifolds 

IlojiyneHBi xeopeMBi o nenpepniBHOM npo^ojiJKenHH na rpannpy o^noro Kjiacca oxKpni- 
xBix flHCKpexHBix oxo6pa>KeHHH Mexc^y nponsBOJiBHBiMn pninanoBBiMn MHorooGpasHHMH. B 
nacxHocxH, noKaaano, nxo oxKpnixnie ^ncKpexHBie KOJinpennie Q-oxohpaJKenna f : D ^ D' 
npoflOJiJKaioxcn na rpannpy dD oGjiacxn D, k&k xojibko dD jioKajiBHo cnaana, dD' chjibho 
flocxHJKHMa, a (l^yHKpHa Q mneex Konennoe cpe^nee KOJieGanne b dD. 

OxpHMano xeopeMH npo nenepepBne npo^oBJKeHna na Mexcy o^noro Kjiacy Bi^Kpnxnx 
flHCKpexHHx BifloGpaxceHB mIjk ^oBijiBHHMn piManoBHMH MHoroBH^aMH. SoKpeMa, noKaaano, 
ipo Bi;];KpHxi flHCKpexni KijinpeBi Q-Bi^oGpajKennH f : D ^ D' npo^oBJKyioxBca Mexd 
dD o6jiacxi D, xk fIjibkh dD jioKajiBHo aB’^ana, dD' chjibho ^ocHxcHa, a cJiynKpia Q Mae 
CKiHHeHHe cepe^He KOJiHBaHHH b dD. 

Theorems on continuous extension on boundary for one class of open discrete mappings 
between Riemannian manifolds are obtained. In particular, there is proved that, open discrete 
ring Q-mappings f : D ^ D' are extend to dD whenever dD is locally connected, dD' is 
strongly accessible, and a function Q has finite mean oscillation at dD. 
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1 . BBefleHHe. B HacTOHmefi cTaxte Hccjie^oBaHbi neKOTopt-ie Bonpoct-i rpanHHHoro noBe- 
Ha pHMaHOBBIX MHOrOo 6 pa 3 HHX OToGpaXCeHHH, 6ojiee oGh^HX HBM KBaSHKOHcJiOpMHBie. 
S^ecB HsyHeHBi oxKpBixBie ^HCKpexHBie oxoGpaxceHHH, b xo BpeMH Kax anajiorHHHBie npo- 
GjieMBi fljiH roMeoMop4)H3MOB Hccjie^oBaHBi panee b paGoxe [I]. KpoMe xoro, pe3yjiBxaxBi, 
anajiorHHHBie nojiyneHHBiM b HacxoHmeH 3 aMexKe, ^jih cjiynaH npocxpancxBa M** onyGjiHKo- 
BaHBI B | 2 ]. 

riepeH^eM k onpe^ejieHHHM h cJiopMyjiHpoBKaM ochobhbix pe 3 yjiBxaxoB. Cjie^yiomHe no- 
HHXHH Moryx Gbixb HaH^eHBi, Hanp., b [3] h |1]. HanoMHHM, hxo n-MepnuM monoAozuuecKUM 
MHoeoo6pa3ueM M”' naBBiBaexcH xaycflop(|ioBo xonojiorHHecKoe npocxpancxBo co cnexHofl 6a- 
30 H, KaiKflaH xoHKa Koxoporo HMeex oKpecxHocxB, roMeoMop(|iHyio neKoxopoMy oxxpBixoMy 
MHOJKecxBy B M"'. Kapmou na MHoroo6pa3HH M" Gy^eM Ha3BiBaxB napy {U, 99), r^e U — ox- 
KpBixoe MHOJKecxBo npocxpaHcxBa M”' h 99 — cooxBexcxByiomHH roMeoMopcJiHBM MHOJxecxBa 
U Ha oxKpBixoe MHOHcecxBo B M"'. Ecjih p E U vl (p{p) = E M”, xo cooxBex- 

cxByroipHe HHCJia x^,... ,x^ naBBiBaioxcH AOKaAbHUMu KoopduHamaMu mouKU p. PAadnuM 
MHoaoo6pa3ueM HaBBiBaexcH caMo MHoxcecxBo BMecxe c cooxBexcxByiomHM naGopoM xapx 
{Uq, (fa), xaK, HXO o6x.eflHHeHHe Bcex Ua no napanexpy a ^aex Bce h, xpoMe xoro, 0 x 06 - 
pajKeHHe, ocymecxBjiHiomee nepexo^ ox o^hoh cHcxeMBi jioxajiBHBix Koop;];HHax k ;];pyroH, 
npHHa^jiejKHx Kjiaccy C°°. 

HanoMHHM, HXO puManoeou MempuKoil na rjia^KOM MHoroo 6 pa 3 HH M” Ha 3 BiBaexcH nojio- 
jKHxejiBHo onpe^ejieHHoe rjia^Koe cHMMexpHHHoe xeH 3 opHoe nojie xnna ( 0 , 2 ). B HacxHocxH, 
KOMHOHeHXBI pHMaHOBOH MexpHKH Qki B pa 3 JIHHHBIX JIOKajIBHBIX KOOp^^HHaxaX [U, x) H (E, y) 
B 3 aHMOCBH 3 aHBI HOCpe^CXBOM XeH 30 pH 0 r 0 3 aKOHa 



PuMCHoeuM MHoeoo6pa3ueM Gy^eM Ha3BiBaxB rjia^Koe MHoroo6pa3He BMecxe c pHManoBOH 
MexpHKOH Ha HCM. /I,jiHHy rjia^KOH KpHBOH 7 = 7(t), t G [^ 1 ,^ 2 ], coe7;HH5iioin;eH xohkh 
7(^1) = Ml E M"’, 7(^2) = M2 E M” H n-MepHBiH o6x.eM {Mepy o6seMa v) MHOJxecxBa 
A Ha pHMaHOBOM MHoroo6pa3HH onpe7,ejiHM corjiacHo cooxHomeHHHM 



( 1 ) 


BBH7;y nojiojKHxejiBHOH onpe7;ejieHHocxH xeH3opa g = gij{x) HMeeM: det gij > 0. reode3UHe- 
CKUM paccmoAHucM Me9K7,y xoHKaMH Pi H P 2 £ M"" 6y7;eM Ha3BiBaxB HaHMeHBinyio 7;jiHHy 
Bcex KycoHHo-rjia 7 ,KHx kphbbix b M", coe7;HH5Hoiii;Hx xohkh pi h p 2 - reo7;e3HHecKoe pac- 
cxoHHHe MeJK7;y xoHKaMH pi h p2 6y7,eM oGoBHanaxB chmbojiom d{pi,p2) (Bci 07 ;y 7;ajiee d 
o6o3HaHaex reo7;e3HHecKoe paccxoHHHe, ecjiH ne oroBopeno npoxHBHoe). Tax KaK pHManoBo 
MHoroo6pa3He, BooGipe roBopa, ne npe7;nojiaraexc5i cbh 3 hbim, paccxoHHHe Me9K7;y jhoGbimh 
xoHKaMH MHoroo6pa3H5i, BooGipe roBopH, MOJKex 6 bixb He onpe7,ejieHo. Xopomo H3BecxHo, 
HXO jHoGaH xoHKa p pHMaHOBa MHoroo6pa3H5i M"" HMeex oKpecxHocxB U 3 p (naBBiBaeMyio 
7,ajiee HopMaAhHou oKpecmHocmt>w moHKu p) h cooxBexcxByiomee Koop7;HHaxHoe oxoGpa- 
HceHHe ip: U —>■ M", xaK, hxo reo7;e3HHecKHe ccjiepBi c penxpoM b xohko p h pa7;Hyca r. 






3 


jiejKamHe b oKpecTHocxH U, nepexo^Hx npn oxo 6 pa>KeHHH (p b eBKjiH^oBBi ccJiepBi xoro xce 
pa^nyca, a nynoK reo^esHHecKHx kphbbix, HcxoflHipHx h 3 xohkh p, nepexo;];Hx b nynoK pa^n- 
ajIBHBIX OXpeSKOB B M” (cm. P, JieMMBI 5.9 H 6 . 11 ], CM. XaKJKe KOMMCHXapHH Ha exp. 77 3 fleCB 
JKc). JloKajIBHBie KOOp^HHaXBI (p(p) = . . . ,x'^) B 3 XOM CJiyHaC Ha 3 BIBaiOXCH HOpMaJlhHU- 

Mu KoopduHamaMu xohkh p. Cxohx oxmcxhxb, hxo b cjiynae cbhbhoxo MHoroo 6 pa 3 HH M” 
oxKpBixBie MHOJKCcxBa MexpHHecKoxo npocxpaHcxBa (M"", d) nopojK^aiox xonojiorHio hcxo^- 
Horo xonojioxHHecKoro npocxpancxBa M"" (cm. P jicMMa 6 . 2 ]). SaMcxHM, hxo b HopMajiBHBix 
Koop^HHaxax Bcer^a xcHBopnaH Maxpnpa gij{x) b xchkc p — e^HHHHHaH (a b cHjiy nenpe- 
pBIBHOCXH g B XOHKaX, 6 jIH 3 KHX K p, 3 Xa MaxpHpa CKOJIB yrop,HO 6 jIH 3 Ka K ep;HHHHHOH; CM. P 
nyHKX (c) npep,Jio>KeHHH 5 . 11 ]). 

Bciop;y p,ajiee (ecjiH ne oroBopeno npoxHBHoe) M"' h - pHMaHOBBi MHoroo6pa3HH c reo- 
P,e 3 HHeCKHMH paCCXOHHHHMH C? H (i*, COOXBeXCXBCHHO. KpueOU 7 MBI Ha 3 BIBaeM HCnpepBIBHOe 
oxo6pa>KeHHe oxpe 3 Ka [a, 6] (oxKpBixoro HHxepBajia {a,b), jiiiGo nojiyoxKpBixoro HHxepBajia 
BH7;a [a,b) hjih (a, 6]) b M”, 7: [a,b] — )■ M”. Hot, ceMeficxBOM kphbbix F no 7 ;pa 3 yMeBaex- 
CH HCKOXOpBIH (JiHKCHpOBaHHBIH Ha6op KpHBBIX 7, a, CCJIH /: M"" —)■ M” — HpOHBBOJIBHOC 
oxoGpajKCHHe, xo /(F) = {/07I7GF}. ^jinny hpohbbojibhoh kphboh 7: [a,b] M”, 

jiejKaipeH na MHoroo 6 pa 3 HH M”, mojkho onpe7,ejiHXB KaK xonnyio BepxHioio rpaHB cyMM 


n—1 


^ (i(7(tj),7(tj+i)) HO BceB03M0>KHBiM pa36HeHHHM a ^ ti ^ ^ tn ^ b. Cjie 7 ,yioin;He 


onpe 7 ,ejieHHH b cjiynae npocxpancxBa M”' Moryx Gbixb HaH 7 ;eHBi, nanp., b P pa37,. 1-6, 
rji. I], CM. xaKHce P rji. I]. BopejiCBa cJiyHKpHH p: M"' —)■ [0, cxd] Ha 3 BiBaexcH donyemuMOU 
7 ;jiH ccMCHCXBa F kphbbix 7 b M"", ccjih jihhchhbih HHxerpaji no naxypajiBHOMy napaMcxpy 
S Ka>K 7 ;OH (jIOKajIBHO CnpHMJIHeMOH) KpHBOH 7 G F ox (|iyHKH,HH p y 7 ,OBJieXBOpiieX yCJIOBHK) 


/ p{'y{s))ds ^ 1. B 3 XOM cjiynae mbi hh iii cm: p G admF. ModyjieM ceMCHCXBa kphbbix F 
0 

Ha 3 BIBaeXCH BCJIHHHHa 



pGadmr J 

D 


(37;ecB H 7 ;ajiee v oBHanaex Mcpy o6x.eMa, onpe 7 ;ejieHHyio b ([T])). FEpn 3 xom, ccjih admF = 0, 
xo HOJiaracM: M(F) = 00 (cm. P pa37;. 6 na c. 16] jihGo P c. 176]). CBoflcxBa M 07 ,yji 5 i b 
HCK oxopoH Mcpe aHajioxHHHBi cBoiicxBaM McpBi Jledera m b M"". Hmchho, M 07 ;yjiB nyexoro ce- 
MCHcxBa KpHBBix paBCH Hyjiio, M(0) = 0, o6jia7;aex cbohcxbom mohoxohhocxh oxhochxcjibho 
CCMCHCXB KpHBBix, Fi C F 2 M[Ti) ^ M(F 2 ), a xaKHce cbohcxbom nojiya77i;HXHBHocxH: 

( 00 \ 00 

U Ti ) ^ X] (cm. P xeopcMa 6 . 2 , rji. I] b M"' jih 6 o P xeopcMa 1 ] b cjiynae 

i=i J 1=1 

6ojiee od iii Hx npocxpancxB c McpaMn). FoBopax, hxo ceMcflcxBo kphbbix Fi MUHopupyemcsi 
ceMCHCXBOM F2, HH iii cM Fi > F2, CCJIH 7;ji5i Ka>K7;oH KpHBoii 7 G Fi cyipecxByex no7,KpHBaH, 
Koxopaa npHHa 7 ,jie>KHx ccMcflcxBy F 2 . B 3 xom cjiynae. 


Fi > F 2 ^ M(Fi) ^ M(F 2 ) 


( 2 ) 


(cm. P xeopcMa 6.4, rji. I] jih6o P cbohcxbo (c)] b cjiynae Gojiee od iii nx npocxpancxB c 
McpaMH). 
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Cjie^yiomee onpe^ejieHHe cjiynaji M” MOJKex Gt-ixt Hafi^eHo, nanp., b pa6oxe [7]. 
riycxb H M” — pHMaHOBbi MHorooGpasHH, n ^ 2, D - oGjiacxB b M”, xq & D, Q: D ^ 
[0, cxd] — HSMepHMaH oxHocHxejiBHo MepBi o6x.eMa v (l^yHKpHa, h hhcjio tq > 0 xaKOBo, hxo 
aaMKHyxBiii map B{xo, xq) jibjkhx b neKoxopofi HopMajiBHoii oKpecxHocxH U xohkh xq. IlycxB 
xaKJKe 0 < ri < r2 < xq, 


A = A(xi, X2, Xq) = {x e M” : xi < d{x, Xq) < X2} , ( 3 ) 

Si = S{xo, Ti), i = 1, 2, — reo^esHHecKHe c(|)epBi c penxpoM b xonxe Xq h pa^nycoB xi h X 2 , 
cooxBexcxBeHHo, a F (S'!, S' 2 , A) o6o3HaHaex ceMeficxBo Bcex kphbbix, coe^HHaiomHx Si h S 2 
BHyxpH o6jiacxH A. IlycxB D - o6jiacxB b M"", Q : M" —)■ [0, cxo] - HaMepHMaa no JIe6ery 
4)yHKn,H5i, Q{x) = 0 npn Bcex x ^ D. OxoGpajKenne / ; D —)■ M” Sy^eM nasBiBaxB KOAhi^eeuM 
Q-omo6pacnceHueM e monxe Xq G dD, ecjin ^jm neKoxoporo xq = x(xo) n nponsBOJiBHBix 
c(|)epHnecKoro KOJinpa A = A{ri, X 2 , Xq), peHxpnpoBannoro b xonxe Xq, pa^nycoB: Xi, X 2 , 0 < 
Xl < X 2 < Xq = x(xo) H JIIoGbIX KOHXHHyyMOB Ei C -B(Xo, Xi) n D, E 2 C (M" \ i?(Xo, X 2 )) n D 
oxoGpajKenne / y^oBjiexBopnex cooxHomenmo 

M (/ (F {El, E2, D))) < j Q{x) ■ r^^{\x - Xo|) dm{x) ( 4 ) 

A 

fljm KaxcflOH H3MepHMOH 4)yHKn,HH T] : (xi,X2) —)■ [0, cxo], xaKOH nxo 

r2 

J r]{r)dr > 1 . ( 5 ) 

ri 

Oxo6pa>KeHHH xnna KOJinpeBBix Q-oxoGpajKennn Gbijih npe^noxcenBi k H3 yneHHio O. Mapxno 
H H3ynajIHCB HM COBMCCXHO C B. P5I3aHOBBIM, y. Cpe6pO H 3. 5lKy6oBBIM, CM. |2], CM. XaKJKC 

m- 

FlycxB (X, d, p) — npoH3BOjiBHoe MexpnnecKoe npocxpancxBO, naflejicnnoe Mcpoil /i n 
G(xo,x) = {x G X : d{x,xo) < x}. Cjie^yiomee onpe^enenne mojkcx 6bixb nan^eno, nanp., 
Buni pa3fl. 4 ]. ByflCM roBopnxB, nxo HHxerpnpyeMan b G(xo,x) (JiyHKpHn (p: D —)■ R hmccx 
KOHCHHoe cpednee Konedanue b xonxe xq E D, nnmeM (p G EMO{xo), ecjin 

limsup / -^ / |(^(x) - lp^\dp{x) < 00, 

£^o Ia{G{xq, e)) J 

G{xo,e) 

Mx)- 

G{xo,e) 

By^cM roBopnxB, nxo rpannpa dD oGjiacxn D cuAhHO docmucncuMa e moHKe Xq G dD, 
ecjiH fljm JI1060H OKpecxHocxH U xonxn Xq nan^excn KOMnaxx E G D, OKpecxnocxB V G U 
xonKH Xq h nHCJio 5 > 0 xaKHC, nxo M{r{E, E, D)) > 6 ^jm jnoGoro KonxnnyyMa E b 
D, nepeccKaiomero dU n dV (cm., nanp., [H pa3fl. 3.8]). B KanecxBc o^noro h 3 nanGojiee 
BajKHBix pe3yjiBxaxoB nacxonmen cxaxnn, npnBe^eM cjie^yiomee yxBepjK^enne. 
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TeopeMa 1. UycTh h M" — pHManoBhi MHorooOpasHs, n ^ 2, KOMnaKTHo, D 

- oGjiacTh B M”', f D M* - oTxpbiToe flHCKpeTHoe KOJibpeBoe Q-oTo6payKeHHe b tohrc 
b G dD, f{D) = D', o6jiacTb D jioKajibHo cBasHa b xoHKe b, C{f,dD) C dD' h o6jiacTb 
D' cHjibHo fl^ocTHyKHMa xoTa 6bi B oflHoii TOHKe y G C{f,b). UpefljiojioyKHM, hto (pyHKpna 
Q HMeeT KOHeHHoe cpe^nee KOJie6aHHe b TOHKe b. Torfl^a C{f, b) = {?/}. 

2. BcnoMoraxejiBHbie CBe^enHa. Bcio^y ^ajiee M” — pHMaHOBo MHorooGpaane npn 
n ^ 2, d — reo^esHHecKoe paccxoaHHe na M"", 

B{xo, r) = {x G M” : d{x, Xq) < r} , S'(xo, r) = {x G M” : d{x, Xq) = r}, 

diamA — reo^esHHecKHH ^naMexp MHoacecxBa A C M”. Bcro^y ^ajiee rpaHHpa dD oGjiacxn 
D C M” H saMBiKaHHe D odjiacxH D noHHMaioxca b cmbicjib reo^esHaecKoro paccxoannH d. 
Ilepefl xeM, Kax mbi npncxynHM k HSJiojKeHHio BcnoMoraxejiBHBix pesyjiBxaxoB h ochobhoh 
aacxH ^aHHoro paa^ejia, ^a^HM eipe o^ho Baacnoe onpe^ejieHHe (cm. [HI paa^eji 3, rji. II]). 
IlycxB D — odjiacxB paManoBoro MHoroodpaana M”', n ^ 2, f: D ^ M” — oxodpaacenne, 
/5: [a, b) —)■ — HCKOxopaa KpHBaa h x G f~^ (/9(o)) • KpHBaa a: [a, c) ^ D, c ^ b, 

HasBiBaexca MaKcuMaabHUM nodnsimueM kphboh /3 npn oxodpajKCHHH / c HaaajioM b xoaxe 
X, ecjiH (1) a{a) = x; (2) f o a = /3|[a,c); (3) ecjiH c < c' ^ b, to ne cyipecxByex kphboh 
a': [a, c') D, xaKOH hxo a = a'\[a,c) h / ° « = /9|[a,c')- Hmccx mccxo cjie^yiomee 

IIpe^jioaceHHe 1. UycTb h M” — pHManoBbi MHoroodpasHa, n ^ 2, D — oGaacxb 
B M"", f:D^ M” — oTKpbiToe ji,HCKpeTHoe oTodpaaceHne, f3\ [a, 6) —>■ M" — KpHBaa h 
TOHK a X G f~^ W{o-)) ■ Torfl^a KpHBaa fd HMeex MaKCHMajibHoe nofl^aTHe npa oToGpaaceHHH 
f c HaaajioM b Toxxe x. 

/doKasameAhcmeo. 3a(|)HKCHpyeM xoHKy xq G h paccMoxpHM /(xq) G M”. IIockojib- 
Ky xoHKa /(xq) npHHa^jiejKHx MHoroodpaanio M”, Han^exca oKpecxHocxB V oxoh xohkh, 
roMcoMopcJiHaH MHOJKecxBy 'ijj{V) C M”'. B cHjiy nenpepBiBHocxH oxodpajKeHna /, Han^exca 
oKpecxHocxB U XOHKH Xq, xaxaH HXO f {U) <Z V. C flpyroii cxopoHBi, He orpaHHHHBaa odni;- 
HOCXH, MOJKHO CHHXaXB, HXO U rOMeOMOp(|)Ha OXKpBIXOMy MHOJKeCXBy (p{U) B R”. Mojkho 
xaKHce cHHxaxB, hxo y:>{U) h iplV) hbjihioxch odjiacxaMH b R", xor^a /* = 'ijj o f o if~^ 

— oxKpBixoe flHCKpexHoe oxodpaHcenne MejK^y odjiacxaMH (p{U) h 'ijj{V) b R”'. ^jih xaxnx 
oxodpaHceHHH cymeoxBOBanne MaxcHMajiBHBix ho^^hhxhh jioKajiBHo BBixexaex h3 cooxbcx- 
cxByiomero peayjiBxaxa PHKMana b n-MepnoM eBKjiH^oBOM npocxpancxBe (cm. m mar 2 
flOKaaaxejiBcxBa xeopeMBi 3.2 rji. II]). Oxcio^a BBixexaex jioKajiBHoe cymecxBOBaHHe Max- 
CHMajIBHBIX HO^HHXHH H Ha MHOrOodpaSHHX. FjIodajIBHOe CymeCXBOBaHHe MaKCHMajIBHBIX 
no^HHXHii MOHcex dxixB ycxanoBjicHo anajiorHHHo ^oKaaaxejiBcxBy mara 1 yKasannoH BBime 
xeopeMBi. □ 

Cjie^yiomaH jieMMa ^oKasBiBajiacB B.H. PaaaHOBBiM h P.P. CajiHMOBBiM b padoxe [10] ^jih 
cjiynaa roMeoMop(|iH3MOB, h npeflcxaBjiaex codon ochobhoh peayjiBxax HacxoaipeH padoxBi 
B Handojiee odipefl cHxyapHH. 

JieMMa 1. UycTb M” h M” — pHManoBbi MHoroodpasna, n ^ 2, M”' KOMnaxTHo, D — 
o6aacTb b M", f : D ^ M” - oTxpbiToe flyicKpeTHoe KoabpeBoe Q-OTo6paaceHHe b Toaxe 
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b G dD, f{D) = D', oGjiacTh D jioKajihHo cBasna b TOHKe b, C{f,dD) C dD' h oGjiacTb 
D' cHJiBHo flocTHXHMa xoTn 6bi B oflflOH TOHKe y G C{f,b). UpefljiojioyKHM, HTo Haii/i,eTca 
Eq > 0 H HOKOTopaa nojioacHTejiBHaa HSMepHMaa (^yHKpna 'ip : (0, £o) (0, cxd), xaxaa 

HTO flaa Bcex e G (0, Eq) 

£0 

0</(£,eo) = J pj{t)dt < oo (6) 

£ 

H npH £ —)■ 0 

J Qix) ■^/J"'{\x-b\) dv{x) = o{r{E,Eo)), ( 7 ) 

A{e,so,b) 

rfle A := A{e, £o, b) onpefleaeno b ([^. Tor^a C{f, b) = {y}. 

floKasameAhcmeo. IIpeflnojiojKHM npoxHBHoe. Tor^a Hafl^yTCH, no Kpannen Mepe, ^Be 
nocjie^oBaTejiBHocTH Xi, xl G -D, i = 1,2,..., xanne, nxo Xi —)■ b, x/ -A- b npn i —)■ cx), 
f{xi) —)■ y, f{x[) — )■ y' npn i ^ oo a y' ^ y. Oxmoxhm, nxo y a y' E dD', nocKOJiBKy 
no ycjiOBHK) C{f,dD) C dD'. Ho onpe^enennio cnjinno ^ocxhjkhmoh rpannpBi b xonne 
y G dD', fljiH jnoGon OKpecxnocxn U oxon xonnn nan^yxcn KOMnanx Cg C D', OKpecxnocxB 
V xonKH y, V <ZU, a nncjio 5 > 0 xanne, nxo 

M{V{CP,F,D'))>5>G (8) 

fljin npoH3BOJiBnoro KonxnnyyMa F, nepeceKaioni;ero dU n dV. B cnjiy npe^nononcennH 
C{f,dD) C dD', HMeeM, nxo ^jin Co := /“^(Cg') BBinojineno ycjioBne Co H dD = 0. 
Tor^a, ne orpannnnBaH o6 TTT Hocxn paccyjK^ennn, Moncno cnnxaxB, nxo Co fl B{b,Eo) = 0. 
IIocKOJiBKy o6jiacxB D jiOKajiBno CBnana b xonne b, Moncno coe^nnnxB xonnn Xj n x- KpnBoii 
7 j, jie>Kan];eH b B{b, 2“*) n D. IIocKOJiBKy /(x*) G n /(x/) E D\U npn Bcex 7 ,ocxaxonno 
Gojinninx i E N, naH 7 ;excH noMep io E N, xanon, nxo corjiacno (IH]) 

M{T{CP,fiy.),D'))>6>0 (9) 

npn Bcex i > io £ OGoanannM nepes Fj ceMencxBo Bcex nojiyoxKpwxBix kphbbix fdi : 
[a,b) M" xaKHX, nxo /3j(a) G /(y*), (3i(t) G D' npn Bcex t G [a,b) n, xpoMe xoro, 
Bi := lim (3i{t) =E Cq. OneBH 7 ;no, nxo 

t ——0 

M{T,) = M{T{C',f{y,),D')) . (10) 

ripn Ka>K 7 ;oM (JiHKCHpoBannoM i G N, i > io, paccMoxpnM ceMencxBo F/ MaKCHMajiBnwx 
no7,n5ixHH ai{t) : [a,c) -E- D ceMencxBa F, c nanajioM bo MnoncecxBe y,. Tanoe ceMencxBo 
cymecxByex n onpey,ejieno Koppexxno BBHy;y npey;jio>KenHH [1] SaMexHM, npejKy;e Bcero, nxo 
nnKaxan KpnBan ai{t) E F/, y* : [a, c) D, ne Moncex cxpeMHXBcn k rpannpe oGjiacxn D 
npn i ^ c — 0 BBHy;y ycjioBnn C{f,dD) C dD'. Tory;a C{ai{t),c) C D. SaMexHM xannce, 
nxo C(Q!j(i:),c) 7^ 0, nocKOJiBKy npocxpancxBO M” KOMnaxxno no npey;nojio>KenHio jieMMW. 
npey;nojio>KHM xenepn, nxo KpnBan ai{t) ne nmeex npey;ejia npn t —?• c — 0. IIoKajKeM, 
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HTo npe^ejibHoe MHoacecTBo C{ai{t),c) ecxt KOHXHHyyM b D. /JeficxBHxejiBHo, no ycjioBHio 
Kanxopa b KOMnanxe a, cm. [121 § 41(1), rji. 4, c. 8-9], 

OO 

G = n a ([4, c)) = limsupQ!([4, c)) = liminf a ([4, c)) 7 ^ 0 

fc^oo 

B BH7i;y MOHoxoHHocxH nocjie^oBaxejiBHocxH cbsshbix mhojkccxb a{[tk, c)) n, xaKHM oGpaaoM, 
G nBjinexcH cb33hbim kbk nepecenenne cnexnoro nncjia yGniBaion^nx KonxnnyyMOB a ([4, c)) 
no da xeopcMa 5, §47(11)]. 

TaKHM oGpaaoM, C{ai{t),c) - KonxnnyyM b D. Tor 7 i,a b cnjiy nenpepBiBnocxn oxoGpa- 
jKennn /, nojiynacM, nxo / = const na C{ai{t),c), nxo npoxHBopennx npe^nononcennio o 
flHCKpexnocxH /. 

Cjie^oBaxejiBno, 3 lim ai{t) = Ai E D. Oxmcxhm, nxo, b oxom cjiynae, no onpe^ejicnnio 

t^c—O 

MaKCHMajiBnoro no^n^xna, c = b. Tor7i;a, c o^non cxoponw, lim aAt) := Ai, a c ;];pyroH, b 

t^b-O 

CHjiy nenpepBiBnocxn oxoGpaJKennn f b D, 


f{Ai) = lim f{ai{t)) = lim = Bi E Cj. 

t^b—O t^b—0 

Oxcio 7 i;a, no onpeflejiennio Cq, cjie^yex, nxo Ai E Cq. HorpyanM KOMnanx Cq b neKoxopnin 
KonxnnyyM Ci, Bce eipe nojinocxBio jiejKaipnn b oGjiacxn D, cm. jieMMy 1 b |T]- 3a cnex 
yMenBmennn Sq > 0, Moncno cnoBa cnnxaxB, nxo Ci 714(6, eg) = SaMexHM, nxo cJiynKpHn 


^ J \eo), tE{2 \eo), 

1 0, tGM\(2-^£o), 


£0 

r7i,e I{e,eo) := f y7i,OBjiexBop5iex ycjiOBHio nopMnpoBKn BH7i;a ([5]) npn ri := 2~\ 

e 

f'2 '■= £ 0 , nooxoMy, b cnjiy onpe^ejiennn KOJiBpeBoro Q-oxoGpaJKennn b rpannnnon xonne, a 
xaKJKe BBH7i,y ycjiOBnn (Ell^dZl), 

M(/(r'))< A(*), ( 11 ) 

r 7 i;e A(i) 0 npn i —>■ 00 . O^nano, F, = /(F/), nooxoMy h 3 (ITT]) nojiynnM, nxo npn i ^ 00 


M(F,) = M(/(F'))<A(*)^0. 


( 12 ) 


O^naKo, cooxnomenne (IT^ BMecxe c paaencxBOM OB npoxHBopenax nepaaencxBy (I9|), nxo 
H 7i,oKa3BiBaex jieMMy. □ 

3. OcHOBHbie pesyjibxaxbi. Cjie^yiomee yxBepjK^enne BBixeKaex h 3 da jieMMa 4.1] H 
[T3l cjie^cxBHe 5.1]. 

npe 7 ],jio:a<;eHHe 2. B npoH3BOJihHOM pHMaHOBOM MHoroo6pa3HH WP (pyHKpHH Q(x) Kjiac- 
ca FMO B TOHKe Xq yflOBjieTBopaeT cooTHoinenHio ([7|), -0(6) := ^ 1 . 

tlog j 

floKasamcAhcmeo meopcMU [T] eumcKaem U3 acmmu [T] na ocHoeanuu npedAOMcenufi ia CIl 

G/ieMenmoM nAoipadu rjia^Kon noBepxnocxn H na pnManoBOM Mnoroo6pa3HH M” Gy^eM 
na3BiBaxB BBipancenne BH 7 i;a dA = yTiet^^rfn^... du"‘~^, r 7 i;e 5 ^*^ — pnManona MexpnKa na 







H, nopojK^eHHaH hcxo^hoh pHMaHOBoii MexpHKOH gij corjiacno cooTHomenHio 


= (13) 

S^ect. HH^eKCbi a H /3 MenaioTca ox 1 n — 1, a x{u) oGoaHanaex napaMexpHsapnio no- 
BepxHocxH H xaKyio, hxo V^a; ^ 0. CnpaBe^jiHBo cjie^yiomee yxBepxyri;eHHe, oGoGmaiomee 
xeopeMy [1] 

TeopeMa 2. UycTh M"" h M" — puManoBhi MHoroodpasna, n ^ 2, M" KOMnaKTHo, D 
— oGjiacTh B M", f : D ^ M” - oTKpbiToe /i,HCKpeTHoe KOJibpeBoe Q-OTo6pa>KeHHe b Tonxe 
b G dD, f{D) = D', o6jiacTb D jioKajibHo cBasna b tohro 6, C{f, dD) C dD' h o6jiacTb D' 

CHJIbHO flOCTHXHMa XOTS 6bl B OflflOH TOHKe y G C{f,b). UpeflJlOJIOyKHM, HTO npH HSKOTOpOM 
6(xo) > 0 BbinojiHaeTca paBencTBo 


5{xo) 


dt 


1 

n — 1 


= oo. 


J Q{x) dA 

\S{xo,t) 


(14) 


Tor^a G{f, b) = {j/}. 

/doKasameAbcmeo. /JocxaxoHHo noKaaaxB, hxo ycjioBHe (|T^ Bjienex BBinojiHenne ycjio- 
BH3 (0 JieMMBI [TJ MoJKHO CHHXaXB, HXO B{Xq,6{Xo)) JieJKHX B HOpMajIBHOH OKpeCXHOCXH 
XOHKH Xq. PaCCMOXpHM (JayHKpHK) 




J Q{x) dA 

\S{xo,t) 


0 , 


t G ( 0 ,( 5 (xo)), 
t ^ ( 0 , 5 (a;o)). 


SaMexHM xenepB, hxo xpeGoBanne BH^a ([S]) BBinojiHaexcH npn eg = ^(^o) h Bcex ^ocxaxoHHo 
MajiBix /I,ajiee ycxanoBHM HepaBencxBo 


<5(a:o) 


Q{x)'ip'^{d{x, xo)) dv{x) ^ C 


e<d(x,xo)<&(xo) 


\ 


1 

1 — n 


Q(x) dA 


\s(xo,t) 


dt 


(15) 


/ 


npH HeKoxopoil nocxoHHHoii C > 0. /Jjih 3xoro noKaxceM, hxo k jibboh nacxH cooxHome- 
HH5I mg npHMeHHM anajior xeopeMBi OyGnHH. PaccMoxpHM b oKpecxHocxH xohkh xq G 
S{zo,r) C M"" jioKajiBHyio cHcxeMy Koop^nnax z^,. .. ,z"', n — 1 6a3HCHBix BexxopoB koxo- 
poH BsaHMHo opxoroHajiBHBi H jiejKax B njiocKocxH, KacaxejiBHOH K ccjaepe b xonxe Xq, a 
nocjie^HHH GasHCHBiii Bexxop nepnen^HKyjiapeH 9 xoh hjicckocxh. IlycxB r,6^, ■ ■ ■, ccjae- 
pHHecKHe Koop^HHaxBi xoHKH X = x{9) B M". SaMexHM, Hxo n — 1 npHpaipeHHH nepeMennBix 
z^,..., z^~^ BfloJiB ccJaepBi npn (|)HKCHpoBaHHOM r paBHBi dz^ = rd9^, ..., dz"'~^ = rd9^~^, a 
npupamenne nepeMennoH no r paano dz"^ = dr. B xanoM cjiynae, 


dv{x) = y^det gij{x)r'^ ^ drd 9 ^... dd"^ ^ 
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PaccMoxpHM napaMexpHsapHio c4)ept.i 5'(0,r) x = x{6), 6 = (6*\ ..., 6*"'“^), 6*j G (—vr, tt], 
SaMexHM, Hxo = 1 npn a = (3 vl = 0 npn a ^ (3, a, [3 = 1,... ,n — 1. Tor^a b 
o6o3HaHeHHax cooxHomeHHH (USD HMeeM: g*^p{e) = ga,f}{x{e))r‘^, 

dA = y^det gai3{x{0))r"‘~^d6^... d9^~^. 

SaMexHM, Hxo 

J Q{x)ip"'{d{x,xo)) dA = ■ j \J det gaji{x{6))Q{x{6)) d9^... (16) 

S{xo,r) n 

Ffle n = (—vr, 7r]”“^ — npjiMoyrojibHaa oGjiacxt HSMeHeHHH napanexpoB 9^,..., 0"“^. Corjiac- 
Ho cKaaaHHOMy BBime, npaMenaa KjiaccHHecKyio xeopeMy OyGnHH (cm., nanp., [H pasfl. 8.1, 
rji. Ill]), 


Q{x)'ip^{d{x,xo)) dv{x) = 


e<d{x,xo)<S{xo) 


(5(a;o) 



e n 


det gij{x)Q{x)'ijj'^{r)r'^ ^d9^...d9'^ ^dr. 


(17) 


IIocKOJiBKy B HopMajiBHBix Koop^HHaxax xenaopHaH Maxpnpa gij ckojib yro^no djiHSKa k 
e^HHHHHOH B OKpeCXHOCXH flaHHOH XOHKH, XO C 2 dct 5'a^(x) ^ dct gij{x) ^ (Pi dct ga/six). 

yHHXBiBaa cKaaaHHoe h cpaBHHBaa flTHl) h cm, npHxo^HM K cooxHomcHHio (fT5l) . Ho xor^a 
xaKJKe 

J Q{x)'ip'^{d{x,Xo))dv{x) = o(/”(£, 5(a;o))) 

e<d(x,xo)<5{xo) 

BBH^y COOXHOmeHH3 (na. VxBepjK^eHHe xeopcMBi cjie^yex xenepB h3 jicmmbi [T] □ 
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